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Abstract
To construct renormalizable gauge model in Bosonic-Fermionic noncommutative (BFNC)
superspace, we replace the ordinary products of super Yang-Mills model by BFNC star products.
To study the renormalization property of the deformed action, we obtain the one-loop 1PI
effective action by using background field method at the first order of BFNC parameters. We
also verify the BFNC supergauge invariance of the effective action. Because there are new
terms in effective action, the deformed action is not renormalizable. This imply that additional
terms should be added to the deformed action.
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1 Introduction
In the recent years there are many studies in noncommutative spacetime [1, 2]. If we
introduce background fields in string theory, the spacetime coordinates will become noncom-
mutative [3]. Because consistent description of string theory need supersymmetry, it is natural
to give noncommutative superspace [4–7]. There are some works studying field theory in non-
anticommutative (NAC) superspace [8], such as NAC Wess-Zumino model [9–12] and NAC
Super Yang-Mills model [13]. The renormalizability constraints the possible form of these
model. There are also some interest in constructing field theory in other kind of noncommuta-
tive superspace. In Ref. [14, 15], the authors have constructed a renormalizable Wess-Zumino
model in Bosonic-Fermionic noncommutative (BFNC) superspace. To construct field theory
which have gauge symmetries, in this paper we try to construct super Yang-Mills model in
BFNC superspace.
To construct model in noncommutative spacetime, we can start from a model in commuta-
tive spacetime and replace the ordinary products by star products, then study the renormaliza-
tion property of the deformed model. We can obtain the 1PI effective action of the deformed
model by using background field method [16] and only keep the divergent part. If there are
new terms in the effective action, we could add them to the deformed action and obtain a new
action. We continue to study the effective action of the new action until there are not any new
terms in the effective action. Because in this method we always do one-loop calculation, the
action can only be renormalizable at one-loop level. In order to obtain all order renormalizable
action, we can introduce U(1) global symmetries. If we assume the effective action also have
these U(1) global symmetries, we can determine all of the divergent operators in the effective
action by using dimensional analysis. If we can construct action from these divergent operators,
then it will be renormalizable to all order in perturbative theory because it contains all of the
divergent terms. It will make the task more easy. This method have been used to construct
renormalizable model in NAC and BFNC superspace.
For gauge theories it is not straightforward to construct supergauge invariant action by
using the divergent operators. Because the form of gauge transformation was changed after
introducing noncommutative star products. To construct renormalizable gauge theory in non-
commutative superspace, we can at first calculate the effective action by using background field
method. The effective action will be supergauge invariant. By using the effective action we can
construct renormalizable gauge theory.
Based on the above consideration, we start from the ordinary super Yang-Mills model in
1
this paper. By introducing BFNC star product we obtain deformed action. Then we calculate
the 1PI effective action by using background field method. We can check that the effective
action is invariant under noncommutative supergauge transformation. As we expect, because
the noncommutative star product, there are new terms in the effective action. This imply that
to construct renormalizable gauge model we should add new terms to the deformed action.
The organization of this papers is as follows, in section 2 we define the BFNC superspace and
the BNFC star product, in section 3 we review super Yang-Mills model in NAC superspace
and the background field method, in section 4 we obtain the effective action of deformed super
Yang-Mills in BFNC superspace and verify its supergauge invariance, in section 5 we give our
conclusion and outlook.
2 BFNC superspace
BFNC superspace can be defined as truncation of euclidean N = (1, 1) superspace. We
introduce nonstandard hermitian conjugation rules for the spinorial variables. The coordinates
of N = (1, 1) superspace are (xαα˙, θα, θα˙). The hermitian conjugation are defined as (θα)∗ =
i θα, (θ
α˙
)∗ = i θα˙, (x
αα˙)∗ = −i xαα˙. The BFNC superspace is defined as,
[
xαα˙, θβ
]
=
i
2
Λαα˙β, (1)
where Λαα˙β denotes a BFNC parameter. The other commutators and anti-commutators that
do not appear in the above are vanishing. This algebra is consistent in euclidean signature.
The chiral and anti chiral sectors are independent. BFNC star product of two superfields F
and G is,
F ∗G = F G− i
2
Λkα (∂αF) (∂kG) + (−1)|F| i
2
Λkα (∂kF) (∂αG)
+
1
8
Λkα Λlβ (∂k∂lF) (∂α∂βG) +
1
8
Λkα Λlβ (∂α∂βF) (∂k∂lG)
+(−1)|F| 1
4
Λkα Λlβ (∂β∂kF) (∂α∂lG)
− i
16
Λkα Λlβ Λmζ (∂α∂l∂mF) (∂β∂ζ∂kG)
+(−1)|F| i
16
Λkα Λlβ Λmζ (∂α∂β∂mF) (∂ζ∂k∂lG)
− 1
64
Λkα Λlβ Λmζ Λnι (∂α∂ζ∂l∂nF) (∂β∂ι∂k∂mG) , (2)
where Λkβ ∂k =
1
2
Λαα˙β ∂αα˙, |F| is the grade of F that equals zero for a Bosonic element and
one for a Fermionic element.
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3 Review of super Yang-Mills model in NAC superspace
In this section we review the work of [13]. They define super Yang-Mills theories in NAC
superspace and extend background field method in NAC superspace. In NAC superspace
we can define covariant derivatives by using scalar prepotential V, where V is in the adjoint
representation of gauge group. The supergauge transformation is defined as,
eV∗ → eV
′
∗ = e
i Λ
∗ ∗ eV∗ ∗ e−i Λ∗ , (3)
where Λ and Λ are chiral and antichiral superfields. In gauge antichiral representation, covariant
derivatives is,
∇A ≡
(∇α, ∇α˙, ∇αα˙) = (Dα, eV∗ ∗Dα˙ e−V∗ , −i {∇α, ∇α˙}∗) , (4)
where V is pure imaginary V † = −V . From the definition of covariant derivatives, we can
define connections ∇A = DA − i ΓA, where
Γα = 0, Γα˙ = i e
V
∗ ∗Dα˙ e−V∗ , Γαα˙ = −i Dα Γα˙. (5)
By using covariant derivatives we can define superfield strengths,
W˜α = −1
2
[
∇α˙, ∇αα˙
]
∗
, W α˙ = −1
2
[∇α, ∇αα˙]∗ . (6)
By using the Bianchi’s identies of covariant derivatives, we can obtain ∇α ∗ W˜α+∇α˙ ∗W α˙ = 0.
The infinitesimal supergauge transformations is,
δ W˜α = i
[
Λ, W˜α
]
∗
, δ W α˙ = i
[
Λ, W α˙
]
∗
. (7)
Accroding to background field method,
∇α = ∇α = Dα, ∇α˙ = eV∗ ∗ ∇ α˙ ∗ e−V∗ = eV∗ ∗ eU∗ ∗Dα˙ e−U∗ ∗ e−V∗ ,
Φ = Φ, Φ = eV∗ ∗Φ ∗ e−V∗ = eV∗ ∗ eU∗ ∗ φ ∗ e−U∗ ∗ e−V∗ , (8)
where U is the background prepotential. Under quantum transformations,
eV∗ → ei Λ∗ ∗ eV∗ ∗ e−i Λ∗ , eU∗ → eU∗ ,
∇A → ei Λ∗ ∗ ∇A ∗ e−i Λ∗ , ∇A →∇A,
Φ → ei Λ∗ ∗Φ ∗ e−i Λ∗ , Φ→ ei Λ∗ ∗Φ ∗ e−i Λ∗ , (9)
where ∇α Λ = ∇ α˙ Λ = 0. Under background transformations,
eV∗ → ei λ∗ ∗ eV∗ ∗ e−i λ∗ , eU∗ → ei λ∗ ∗ eU∗ ∗ e−i λ∗ ,
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∇A → ei λ∗ ∗ ∇A ∗ e−i λ∗ , ∇A → ei λ∗ ∗ ∇A ∗ e−i λ∗ ,
Φ → ei λ∗ ∗Φ ∗ e−i λ∗ , Φ→ ei λ∗ ∗Φ ∗ e−i λ∗ , (10)
where Dα˙ λ = Dα λ = 0. We can define invariant action under transformation eq. (9) and
eq. (10),
S =
1
2g2
∫
d4x d2θ Tr
(
W
α˙
W α˙
)
+
∫
d4x d4θ Tr
(
Φ ∗ Φ)
−1
2
m
∫
d4x d2θ Tr
(
Φ2
)− 1
2
m
∫
d4x d2θ Tr
(
Φ
2
)
. (11)
The gauge–fixing functions is f = ∇ 2 ∗ V , f = ∇ 2 ∗ V , we obtain the total action Stot =
S + SGF + Sgh, where Sgh contains background covariantly chiral and antichiral FP and NK
ghost superfields,
Sgh =
∫
d4x d4θ
[
c′ c− c′ c+ ..... + b b] , (12)
The pure gauge part of action corresponding to one-loop calculation is,
Sinv + SGF = − 1
2g2
∫
d4x d4θ Tr
[
(eV∗ ∗ ∇ α˙ ∗ e−V∗ ) ∗D2 (eV∗ ∗ ∇ α˙ ∗ e−V∗ )
+
1
α
V ∗ (∇ 2 D2 +D2 ∇ 2) ∗ V
]
. (13)
To deal with action for full (not background) covariantly chiral matter,
Smat =
∫
d4x d4θ Tr
(
Φ ∗ Φ) = ∫ d4x d4θ Tr (Φ ∗ eV∗ ∗Φ ∗ e−V∗ )
=
∫
d4x d4θ Tr
{
Φ ∗Φ+Φ ∗ [V, Φ]∗ + · · ·
}
, (14)
we can write down a formal effective interaction lagrangian,
S0 + S1 + S2 =
∫
d4x d2θ Tr
{
ξ (0 −m m) ξ + 1
2
ξ D2
(
∇2 −D2
)
ξ +
1
2
ξ (− −0) ξ
}
,(15)
where ξ , ξ are unconstrained quantum fields. In a one-loop diagram, the first vertex must
appear once and only once. In order to do calculation in superspace we will expand star product
at the end. In momentum superspace, the propagator for quantum gauge superfields is,
〈V A(1) V B(2)〉 = −g2 δAB 1
p12
δ(8) (Π1 +Π2) , (16)
the vertices are,
Sinv + SGF → 1
2g2
∫
PABC(π2, π3)
{
V A(1) Γ
αα˙B
(2) p3αα˙ V
C(3)
4
+
1
2
V A(1) p2αα˙ Γ
αα˙B
(2) V C(3) + i V A(1) W
α˙B
(2)
(
D˜α˙ V
C(3)
)
+ i V A(1) W˜ αB(2)
(
D˜α V
C(3)
)}
+
1
2g2
∫
QABCD(π1, π2, π3, π4)
{1
2
V A(1) Γ
αα˙B
(2) Γ
C
αα˙(3) V
D(4)
+ V A(1) W
α˙B
(2) Γ
C
α˙ (3) V
D(4)
}
. (17)
The propagator for quantum (anti)chiral superfields is,
〈ξA(1) ξB(2)〉 = δAB 1
p12 +m m
δ(8) (Π1 +Π2) , (18)
the vertices are,
S1 =
i
4
∫
PABC(π1, π2) Γα˙A(1)
[
ξB(2) D˜α˙ D˜
2 ξ
C
(3)− D˜α˙ ξB(2) D˜2 ξC(3)
]
,
S2 =
1
4
∫
PABC(π1, π2)
[− p2αα˙ + p3αα˙] Γαα˙A(1) ξB(2) ξC(3),
S
′
2 =
i
4
∫
PABC(π1, π2) W α˙A(1)
[
ξB(2) D˜α˙ ξ
C
(3)− D˜α˙ ξB(2) ξC(3)
]
,
S
′
1 = −
1
4
∫
QABCD(π1, π2, π3, π4) ξA(1) Γα˙B(2) ΓCα˙ (3) D˜2 ξ
D
(4),
S
′′
2 = −
1
4
∫
QABCD(π1, π2, π3, π4) ×
ξA(1)
(
Γ
α˙B
(2) W
C
α˙ (3) +W
α˙B
(2) Γ
C
α˙ (3)
)
ξ
D
(4),
S
′′′
2 = −
1
4
∫
QABCD(π1, π2, π3, π4) ξA(1) Γαα˙B(2) ΓCαα˙(3) ξ
D
(4). (19)
4 Effective action of dermored super Yang-Mills action
in BFNC superspace
Because the BFNC star product is similar to the NAC star product, we can use the method
in section 3 to study the renormalization property of deformed super Yang-Mills action in
BFNC superspace. We only need to replace the NAC star product by BFNC star product, this
will only change the definition of P and Q, where π1 ∧ π2 = − i2
(
Λkα p1k π2α − Λkα p2k π1α
)
.
At the first order of BFNC parameters, only the chiral mater action contribute to the effective
action and there are at most three points contributions. The effective action is,
Γgauge
(1) =
∫
d4x d4θ
{
1
8
(NS) Γ
α˙1c1
W
c1
α˙1
+
1
8
(
i
√
NS
)
Λα˙1 Γ
0
α˙1
WW
c1c1
+
1
4
(
i
√
NS
)
θ
α˙1
Γ
α˙20 (
Γ
α3)c1
α˙1
(
pΛα3 W
c1
α˙2
)
+
1
12
(
−i
√
NS
)
θ
α˙1
Γ
0
α˙1
(
pΛα2 Γ
α˙3c1
α2
)
W
c1
α˙3
5
+
1
8
(
−i
√
NS
)
Λα˙1 θ
α˙2
Γ
α˙30 (
∂α4 α˙1 Γ
c1
α4α˙2
)
W
c1
α˙3
+
1
8
(
i
√
NS
)
Λα˙1 θα˙1 Γ
α˙20 (
∂α3α˙4 Γ
c1
α3α˙2
)
W
c1
α˙4
+
1
8
(
−i
√
NS
)
Λα˙1 θα˙1 Γ
α˙20
(
∂α3 α˙2 Γ
α˙4c1
α3
)
W
c1
α˙4
+
1
8
(
i
√
NS
)
Λα1α˙2α3 θ
α˙4
Γ
α˙50
Γ
c1
α1α˙2
(
∂α3α˙4 W
c1
α˙5
)
+
1
24
(
i
√
NS
)
Λα1α˙2α3 θ
α˙4
Γ
0
α˙2
(
∂α1α˙4 Γ
α˙5c1
α3
)
W
c1
α˙5
+
1
8
(
−i
√
NS
)
Λα1α˙2α3 θα˙2 Γ
α˙40 (
∂α˙5α1 Γ
c1
α3α˙4
)
W
c1
α˙5
+
1
12
(
i
√
NS
)
Λα1α˙2α3 θα˙2 Γ
α˙40
(
∂α1α˙4 Γ
α˙5c1
α3
)
W
c1
α˙5
}
. (20)
We can verify that Γgauge
(1) is supergauge invariant.
5 Conclusion and outlook
By replacing the ordinary products of super Yang-Mills model by BFNC star products, we
obtain deformed action in BFNC superspace. The renormalization property of the deformed
action have been studied by calculating the one-loop 1PI effective action with background field
method at the first order of BFNC parameters. The effective action have BFNC supergauge
invariance. But there are new terms in the effective action, which make the deformed action
not renormalizable. This imply that the deformed action need additional terms to be renor-
malizable.
This is the first step to construct renormalizable gauge model in Bosonic-Fermionic non-
commutative (BFNC) superspace. To find the other terms we can add the effective action to
the deformed action, then calculate the effective action of the new action. We should repeat
this process for several times until we verify that there are not any new terms in the effective
action.
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A Conventions
Gates’s conventions:
Cαβ = Cα˙β˙ =
 0 −i
i 0
 , Cαβ = C α˙β˙ =
 0 i
−i 0
 . (A1)
The index are raised and lowed by C: ψα = Cαβ ψβ , ψα = ψ
β Cβα.
Wess’s conventions:
ǫαβ = ǫα˙β˙ =
 0 −1
1 0
 , ǫαβ = ǫα˙β˙ =
 0 1
−1 0
 . (A2)
The index are raised and lowed by ǫ: ψα = ǫαβ ψβ , ψα = ǫαβ ψ
β. σkββ˙ is Pauli matrix,
σ0 =
 −1 0
0 −1
 , σ1 =
 0 1
1 0
 , σ2 =
 0 −i
i 0
 , σ3 =
 1 0
0 −1
 . (A3)
Define: σkα˙α = ǫα˙β˙ ǫαβ σkββ˙. We have the following relations: σ
k
αα˙ σk
β˙β = −2 δαβ δα˙β˙,
σkαα˙ σkββ˙ = −2 ǫαβ ǫα˙β˙, σkαβ˙ σlβ˙α = −2 ηkl.
The relation between the convention of Gates’s and Wess’s,
• Cαβ = i ǫαβ, Cαβ = i ǫαβ, Cα˙β˙ = i ǫα˙β˙, C α˙β˙ = i ǫα˙β˙.
• Definition: ψα(G) = ψα(W ), qk(G) = qk(W ), σkαβ˙(G) = σkβ˙α(W ).
• ψα(G) = −i ψα(W ). Proof: ψα(G) = ψβ(G) Cβα = i ψβ(W ) ǫβα = −i ψα(W ).
• Identity: σkαβ˙(G) = −σkαβ˙(W ).
• Definition: q2(G) = 1
2
qαβ˙(G) qαβ˙
(G), qαβ˙
(G) = σkαβ˙
(G) qk
(G), qαβ˙(G) = σkαβ˙(G) qk
(G).
• Identity: qαβ˙ (G) = −σkαβ˙ (W ) qk(W ), qαβ˙(G) = σkβ˙α(W ) qk(W ).
We use the following definition in this paper: qαβ˙ = qαβ˙(G), qαβ˙ = qαβ˙
(G), qk = qk
(G),
σkβ˙α = σkβ˙α(W ), σkαβ˙ = σ
k
αβ˙
(W ).
Identity: 1
2
qαβ˙ qαβ˙ = q
k qk. Proof:
1
2
qαβ˙ qαβ˙ = −12 σkβ˙α qk σlαβ˙ ql = −12 (−2) qk ql δkl =
qk qk.
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B Hermitian conjugation
• The hermitian conjugation ∗ will give −1 if we apply it on spinorial coordinates twice, and
will give 1 if we apply it on bosonic coordinates twice. If we define
{
θα, θβ
}
= F αβ then we
find: {θα, θβ} = Fαβ . From (θα)∗ = i θα we have: (θα) ∗ = −i θα,
(
F αβ
)∗
= −Fαβ ,
(Fαβ)
∗ = −F αβ .
From definition (A B)∗ = B∗ A∗, [A, B] = A B − B A, {A, B} = A B + B A we
obtain [A, B]∗ = − [A∗, B∗], {A, B}∗ = {A∗, B∗}.
• The hermitian conjugation relation for BFNC parameters:
(
xαβ˙
)∗
= −xαβ˙ , (θγ)∗ =
i θγ,
(
Λαβ˙γ
)∗
= (−i) Λαβ˙γ. Proof: Apply hermitian conjugation on
[
xαβ˙, θγ
]
= i
2
Λαβ˙γ
we obtain (−1)
[(
xαβ˙
)∗
, (θγ)∗
]
= − i
2
(
Λαβ˙γ
)∗
, then we have
[
xαβ˙ , θγ
]
= i
2
Λαβ˙γ .
C Transform from configuration superspace to momen-
tum superspace
• πα → i ∂α, πα˙ → i ∂α˙, pαβ˙ → i ∂αβ˙ , pk → i ∂k, pk → i2 σkβ˙α ∂αβ˙ , Λpα → i Λkα ∂k,
Λpα → i
2
Λkα σk
β˙γ ∂γβ˙ , Λpα → Λkα ∂k.
• Λpα → i pΛα, Λpα → i pΛα, Λp2 → −pΛ2. Proof: Λpα = Λkα pk → Λkα i ∂k =
i pΛα, Λpα = (−i) Λkα pk → (−i) Λkα (i) ∂k = i pΛα, Λp2 = 12 Λpα Λpα →
1
2
i pΛα i pΛα = −pΛ2.
• Definition: D˜2 = −π2 − πα ðβ˙ pαβ˙ − ð
2
p2.
• Dα˙ → −i πα˙. Proof: Dα˙ = ∂α˙, ∂α˙ → −i πα˙.
• Expand D˜2, D˜2 (Πa1) δ (Πa1 +Πa2) =
∫
D˜2 (Πa1 , Zb1) e
i(Πa1+Πa2)Zb1 dZb1 ,
where D˜2 (Πa, Zb) = −π2 (Πa)− i πα (Πa) θβ˙ pαβ˙ (Πa) + θ
2
p2 (Πa).
D Lie algebra structure constant
Definition: FBAC = f
ABC , DBAC = d
ABC .
We have the following relations,
• Transpose: t (FA) = −FA, t (DA) = DA.
• Trace: tr (X Y ) = tr (Y X).
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• Evaluate trace of F and D,
tr FA1DA2DA3 =
N
2
√
2
fA1A2A3 cA1 , tr F
A1FA2FA3 = − N
2
√
2
fA1A2A3 cA3 ,
tr FA1FA2DA3 = − N
2
√
2
dA1A2A3 cA1 −
N
2
√
2
dA1A2A3 cA2 +
N
2
√
2
dA1A2A3 cA3 ,
tr DA1DA2DA3 = − N
2
√
2
dA1A2A3 cA1 −
N
2
√
2
dA1A2A3 cA2 +
N
2
√
2
dA1A2A3 cA3
+
N√
2
dA1A2A3 dA3 . (A4)
• N Tr (ΓW )− Tr (Γ) Tr (W ) = N Γa W a. Proof: N Tr (ΓW ) = N ΓA WB Tr (TA TB) =
N ΓA WB δAB = N ΓA WA = N (Γa W a + Γ0 W 0),
Tr (Γ) Tr (W ) = Tr
(
ΓA TA
)
Tr
(
WB TB
)
= ΓA WB Tr
(
TA
)
Tr
(
TB
)
= ΓA WB
√
N δ0A
√
N δ0B = N ΓA WB δ0A δ0B = N Γ0 W 0.
E PQ factor
There are noncommutative parameters Λkα in P Q factors, at the first order of noncommu-
tative parameters, we only need to expand P Q to the first order of Λkα,
PA1A2A3(x, y) = i fA1A2A3 − i
2
dA1A2A3 Λpα1(x) πα1(y) +
i
2
dA1A2A3 Λpα1(y) πα1(x),
QA1A2A3A4(w, x, y, z) = −fA1A2A01 fA3A4A01 + 1
2
dA01A1A2 fA3A4A01 Λpα1(w) πα1(x)
−1
2
dA01A1A2 fA3A4A01 Λpα1(x) πα1(w)
+
1
2
dA01A3A4 fA1A2A01 Λpα1(y) πα1(z)
−1
2
dA01A3A4 fA1A2A01 Λpα1(z) πα1(y). (A5)
F Algebraic relations related to σ
Definition: Λpα = Λkα pk, pαβ˙ = −σkαβ˙ pk, xαα˙ = 12 σkαα˙ xk, ∂αα˙ xββ˙ = δαβ δα˙β˙,
Λkl = Λkα Λlα, Λ
αβ˙γ = Λkγ σk
β˙α, Λαβ˙
γ = Λρζ˙γ Cρα Cζ˙β˙, pΛ
α = Λkα ∂k, pΛα = pΛ
β Cβα =
(−i) Λkα ∂k, Λαβ˙α = Λβ˙, Λαβ˙α = Λβ˙.
We can prove the following identities.
• pk = 12 σkβ˙α pαβ˙. Proof: σlβ˙α pαβ˙ = −σlβ˙α σkαβ˙ pk = (−1)(−2) δkl pk = 2 pk.
• pαβ˙ = σkβ˙α pk. Proof: pαβ˙ = Cαγ C β˙ρ˙ pγρ˙ = i ǫαγ i ǫβ˙ρ˙ (−1) σkγρ˙ pk = σkβ˙α pk. We
have used: σmα˙α = ǫα˙β˙ ǫαβ σmββ˙, C
αβ = i ǫαβ , ψα = Cαβ ψβ.
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• pαβ˙ xαβ˙ = pk xk, We have used: σkαβ˙ σlβ˙α = (−2) ηkl.
• Λpα = (−i) Λkα pk. Proof: Λpα = Λpβ Cβα = Λkβ pk i ǫβα = (−i) Λkα pk, We have
used: Λkα = ǫαβ Λ
kβ.
• ∂αα˙ = − σkαα˙ ∂k, ∂k = 12 σkβ˙α ∂αβ˙ . Proof: Assume ∂αα˙ = a σkαα˙ ∂k, apply ∂αα˙
on xββ˙ we obtain ∂αα˙ x
ββ˙ = 1
2
σk
β˙β ∂αα˙ x
k = 1
2
a σk
β˙β σlαα˙ ∂l x
k = 1
2
a σk
β˙β σkαα˙ =
1
2
a (−2) δαβ δα˙β˙ , so we have a = −1. We have used: ∂k xl = δkl.
• Λp2 = 1
2
Λpα Λpα = − i2 Λkl pk pl.
• Λα1α˙2α3α˙4 = Λkl σkα˙2α1 σlα˙4α3 . Proof: From definition
Λα1α˙2α3α˙4 = Cα1β1 C α˙2β˙2 Cα3β3 C α˙4β˙4 Λβ1β˙2β3β˙4, By using: C
αβ = i ǫαβ , Λβ1β˙2β3β˙4 =
Λkl σ
k
β1β˙2
σlβ3β˙4.
• Λαβ˙γ = −Λkγ σkαβ˙.
• Λαβ˙γ ∂αβ˙ = 2 pΛγ = 2 Λkγ ∂k. Proof:
Λαβ˙γ ∂αβ˙ = Λ
kγ σk
β˙α (−1) σlαβ˙ ∂l = (−1)(−2) Λkγ δkl ∂l = 2 Λkγ ∂k = 2 pΛγ.
• Cα1α2 ∂α1β˙1 ∂α2β˙2 = 12 Cβ˙1β˙2 ∂γρ˙ ∂γρ˙ = Cβ˙1β˙2 .
• Λαβ˙γ = i Λkγ σkαβ˙ .
• Cα1α2 Λα1β˙1α2β˙2 = Λ2 Cβ˙1β˙2, Λ2 = Λkl ηkl. Proof: Λα1β˙1α2β˙2 = Λkl σkα1β˙1 σlα2β˙2,
ǫα1α2 Λkl σ
k
α1β˙1
σlα2β˙2 = ǫβ˙1β˙2 Λ
2, Cα1α2 = i ǫα1α2 , Cβ˙1β˙2 = i ǫβ˙1β˙2.
G D algebraic relations
Definition: ∂α = Dα − i θα˙ ∂αα˙.
We have the following identities:
• ∂α = Dα + i σkαβ˙ θ
β˙
∂k.
• ∫ d4x d4θ dc1c2c3 Γα˙1c1 W α˙2c2 W α˙3c3 = 0.
• D2Dα˙W cβ˙ = 0, DαDβ˙W
c
γ˙ = i ∂αβ˙W
c
γ˙ , We have used:
{
Dα, Dβ˙
}
= i ∂αβ˙ .
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H Supergauge transformation
Definition of supergauge transformation : ∇A → eiΛ∗ ∗ ∇A ∗ e−iΛ∗ , where DαΛ = 0.
We have the infinitesimal supergauge transformation: δ Γα˙ = Dα˙Λ+i
[
Λ, Γα˙
]
∗
, δ Γαβ˙ =
∂αβ˙Λ+i
[
Λ, Γαβ˙
]
∗
, δ W α˙ = i
[
Λ, W α˙
]
∗
. We have used: ∇α˙ = Dα˙−i Γα˙, eX Y e−X =
Y + [X, Y ] +O2(X).
I Noncommutative spacetime
• Definition: [xk, θα] = i Λkα.
• We have the relation:
[
xαβ˙ , θγ
]
= i
2
Λαβ˙γ. Proof: By using
[
xk, θγ
]
= i Λkα, we
have 1
2
σk
αβ˙
[
xk, θγ
]
= i
2
σk
αβ˙ Λkα, then we have
[
xαβ˙ , θγ
]
= i
2
Λαβ˙γ.
J BFNC star product
The star product corresponding to
[
xk, θα
]
= i Λkα is:
F ∗G = µ{exp [ i
2
Λkα (∂k ⊗ ∂α − ∂α ⊗ ∂k)
]
⊲ (F ⊗G)}. At first order of Λkα:
F ∗G = F G+ (−1)|F | i
2
Λkα (∂kF ) (∂αG)− i
2
Λkα (∂αF ) (∂kG)
= F G+ (−1)|F | i
4
Λβγ˙α (∂βγ˙F ) (∂αG)− i
4
Λβγ˙α (∂αF ) (∂βγ˙G)
= F G+ (−1)|F | i
2
(pΛαF ) (∂αG) + (−1)|F | i
2
(∂αF ) (pΛ
αG) (A6)
By using BFNC star product we have,
• xk∗θα−θα∗xk = i Λkα. Proof: By using pΛα xk = Λkα we have xk∗θα = xk θα+ i
2
Λkα
and θα ∗ xk = θα xk − i
2
Λkα, then we have xk ∗ θα − θα ∗ xk = i Λkα.
• e−i Π1 Z ∗ e−i Π2 Z = eΠ1 ∧ Π2 e−i Π1 Z e−i Π2 Z ,
where Π1∧Π2 = − i2
(
Λkα p1k π2α − Λkα p2k π1α
)
. Proof: By using ∂k (−i Π1 Z) =
−i p1k and ∂α (−i Π1 Z) = −i π1α.
• [M,N ]∗ = 12 dABC
[
MA, NB
]
∗
TC+ i
2
fABC
{
MA, NB
}
∗
TC , where M =MA TA,
N = NA TA,
[
TA, TB
]
= i fABC TC,
{
TA, TB
}
= dABC TC .
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K Divergent structure
• At the first order of Λkα, the following Feynman diagrams are not divergent: S1 S2n
(n ≥ 3). Proof: S1 S2 S2 S2 → d4p Λp 1(p2+mm)4
(
D˜2D˜
)
D˜ p p ∼ p7
p8
.
• The coefficient at order n is 1
n
2n−1.
L The derivative operators
Definition: ðα˙ π
β˙ = δα˙
β˙.
We have the following identities:
• ðα˙ πβ˙ = −δα˙β˙. Proof: ð
α˙
πβ˙ = C
α˙γ˙ Cρ˙β˙ ðγ˙ π
ρ˙ = C α˙γ˙ Cρ˙β˙ δγ˙
ρ˙ = −δα˙β˙.
• ðα˙
(
i πβ˙ θβ˙
)
= i θ
α˙
. Proof: ð
α˙
(
i πβ˙ θβ˙
)
= (−i) ðα˙
(
πβ˙ θ
β˙
)
= (−i)(−1) δα˙β˙ θ
β˙
=
i θ
α˙
.
• pΛα
(
Xβ Xβ
)
= −2Xβ (pΛα Xβ) = 2
(
pΛα X
β
)
Xβ . Proof: pΛα
(
Xβ Xβ
)
=
(
pΛα X
β
)
Xβ−
Xβ (pΛα Xβ) = Xβ
(
pΛα X
β
)−Xβ (pΛα Xβ) = −2 Xβ (pΛα Xβ) = 2 (pΛα Xβ)Xβ.
• ∂k
(
Xβ Xβ
)
= 2Xβ (∂k Xβ). Proof: ∂k
(
Xβ Xβ
)
=
(
∂k X
β
)
Xβ+X
β (∂k Xβ) = 2
(
∂k X
β
)
Xβ.
M Fierz identities
Definition: W
cc
= 1
2
W
γ˙c
W
c
γ˙ , X
2 = 1
2
Xα Xα, X
α = Cαβ Xβ, Cαβ = −Cβα, Cαβ =
−Cβα, p2 = 1
2
pαβ˙ pαβ˙ , D
2 Γ
α˙A
= W
α˙A
, Γ
αβ˙A
= −i Dα Γβ˙A.
We have the following identities:
• πα πβ πγ = 0, Λpα Λpβ Λpγ = 0.
• W cα˙ W
c
β˙ =
1
2
Cβ˙α˙ W
γ˙c
W
c
γ˙ = Cβ˙α˙ W
cc
.
• Xα Xβ = Cβα X2, Xα Xβ = Cβα X2, Xα Xβ = −δαβ X2, Xα Xβ = δαβ X2.
• Xα = Xβ Cβα, Cαβ Cβγ = −δαγ, δαα = 2, δαα = 2.
• Cαβ pαγ˙ pβρ˙ = Cγ˙ρ˙ p2.
• Xα Y α = −Xα Yα.
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